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PERIOD-INDEX AND u-INVARIANT QUESTIONS FOR 
FUNCTION FIELDS OVER COMPLETE DISCRETELY VALUED 

FIELDS 

R. PARIMALA AND V. SURESH 

Abstract. Let K he a complete discretely valued field with residue field k and F 
the function field of a curve over K. Let p be the characteristic of k, and i a prime 
not equal to p. If the Brauer ^-dimensions of all finite extensions of k, are bounded 



fvq ' by d and the Brauer ^-dimensions of all extensions of k of transcendence degree 

. . at most 1 are bounded by d -t- 1, then it is known that the Brauer ^-dimension of 

fS i' F is at most d + 2 ([SI], [HHKl]). In this paper we give a bound for the Brauer 

•^r . p-dimension of F in terms of the p-rank of k. As an application, we show that if 

K is a perfect field of characteristic 2, then any quadratic form over F in at least 
9 variables is isotropic. If k is a finite field, this is a result of Heath-Brown/Leep 
([HB], [Le]). 

< 

(-H ■ Let K he a field. For a central simple algebra A over K, the period of A is the order 

of its class in the Brauer group of K and the index of A is the degree of the division 
algebra Brauer equivalent to A. The index of A is denoted by ind(y4) and period of 
A by per (A). Let K he a. p-adic field and F the function field of a curve over K. 
The question whether the index of a central simple algebra over F divides the square 
>• . of its period has remained open for a while. For indices which are coprime to p, an 

affirmative answer to this question is a theorem of Saltman ([SI]). To complete the 
p^ ' answer, one needs to understand the relationship between the period and the index 

CN ■ for algebras of period p over F. One of the main results proved in this paper is the 

'sf . following 

cn ' Theorem 1. Let K he a p-adic field and F a function field of a curve over K . Then 

the index of any central simple algebra over F divides the square of its period. 

_ Let K he any field. For a prime p, we define the Brauer p- dimension of K, denoted 

r^ • by Brpdim(i^), to be the smallest integer d > such that for every finite extension 

c^ ■ L oi K and for every central simple algebra A over L of period a power of p, ind{A) 

divides per(yl)''. The Brauer dimension of K, denoted by Brdim(i^), is defined as 
the maximum of the Brauer p-dimension oi K as p varies over all primes. Suppose 
the characteristic oi K is p > 0. If [K : K^] = p", then n is called the p-rank of K. 
A field of characteristic p > is perfect if and only if its p-rank is 0. A theorem of 
Albert asserts that the Brauer p-dimension of a field K of characteristic p > is at 
most the p-rank of K (cf. (1.2)). 

In this paper, we discuss more generally the Brauer p-dimension of function fields 
of curves over a complete discretely valued field of characteristic with residue field 
of characteristic p > 0. 

We begin by bounding the Brauer dimension of complete discretely valued fields. 
Let K he a complete discretely valued field and k its residue field. Suppose that 
char(i^) = and char(K) = p > 0. Let i he a prime. Suppose that Brfdim(ft;) < d. 
liij^p, then it is well known that Br£dim(K) <d+l (cf. [GS], Corollary 7.1.10). 
There seems to be no good connections between the Brauer p-dimension of K and 

1 



2 PARIMALA AND SURESH 

the Brauer p-dimension of k. For any n > 0, we give an example of a complete 
discretely valued field K with Brpdim(ii') > n and Brpdim(K) = 0. However there 
are bounds for the Brauer p-dimension of K in terms of the p-rank of k and we prove 
the following 

Theorem 2. Let K he a complete discretely valued field with residue field n. Suppose 
that chari^n) = p > and the p-rank of n is n. Then Brpdim{K) < 1 if n = and 
f < Brpdim{K) <2mfn>l. 

Let F be the function field of a curve over K. Let £ be a prime. Suppose that 
there exists d such that Br£dim(fi:) < d and Br^dim(K(C)) < d+1 ioi every curve C 
over K. It was proved in [HHKl] that if char(K) ^ i, then Br£dim(F) < d + 2. For 
i =char(/T;), we prove the following 

Theorem 3. Let K be a complete discretely valued field with residue field n. Suppose 
that char{K) = and char{K,) = p > 0. Let F be the function field of a curve over 
K . If the p-rank of k is n, then Brpdim{F) < 2n + 2. 

We use the description of the Brauer group of a complete discretely valued field 
in the mixed characteristic case due to Kato ([K], [CT]) and the patching techniques 
of Harbater-Hartman-Krashen ([HHKl]) to prove our main results. 

In the last section, we derive some consequences for the w-invariant of fields. The 
ti-invariant of a field L is the maximum dimension of anisotropic quadratic forms over 
L. Let K be a complete discretely valued field with residue field k. It is a theorem 
of Springer that u{K) = 2u{k). Let F be a function field of a curve over K. Suppose 
that char(K) ^ 2. If u{L) < d for every finite extension L of k and u{i%{C)) < 2d 
for every function field k,{C) of a curve C over k, then in ([HHKl]), it is proved that 
u{F) < 4d. For a p-adic field K, this was proved in ([PS2]). Suppose k is a field of 
characteristic 2 with [k, : k^] = n. Then m(k) < 2n ([MMW], Corollary 1). Let L be 
a finite extension of k. Since [L : L^] = n, we have u{L) < 2n. If C is a curve over k, 
then [k(C) : k(C)2] = 2n and hence u{k{C)) < in. If char(i\:) = 2, [F : F*^] = An 
and hence u{F) < 8n ([MMW]. Corollary 1). Suppose that char(i^) =0. If k is 
a finite field, then results of Heath-Brown ([HB) and Leep ([Le]) lead to u{F) = 8. 
However very little is known about u{F) for general k. We prove the following 

Theorem 4. Let K be a complete discretely valued field with residue field k. Suppose 
that char{K) = and char^n) = 2. Let F be a function field of a curve over K . If 
K is a perfect field, then u{F) < 8. 

This leads us to the following 

Conjecture. Suppose K is a complete discretely valued field of characteristic with 
residue field k, of characteristic 2. If F is a function field of a curve over K , then 
u{F) <8[k: k\ 

Acknowledgements. We thank Asher Auel for his several critical comments on the text. 

1. Module of differentials and Milnor A;-groups 

We begin by recalling two well-known results (1.1, 1.2) concerning the Brauer i.- 
dimension of a field. Lemma 1.1 reduces the computation of the Brauer ^-dimension 
to bounding indices of prime exponent algebras. Corollary 1.2 computes the Brauer 
p-dimension for fields of characteristic p > 0. 
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Lemma 1.1. Let k be any field and i a prime. If for every central simple algebra A 
of period i over a finite extension K of k, ind{A) divides i'^ , then Br£dim{k) < d. 

Proof. Let k' be a finite extension of k and A a central simple algebra over k' of period 
£"■ for some n. We prove by induction on n that ind(74) divides [t^Y. The case n = 1 
is the given hypothesis. Suppose that the lemma holds for n — 1. Let A' = A^^. 
Then per(74') = £"~^. By the induction hypothesis ind(A') divides {i"-~^Y. Thus 
there exists a finite extension K of k' of degree dividing [i'^~^Y such that A' ®fc/ K is 
a matrix algebra. In particular per(y4®fc/ii') = i and by the hypothesis md{A^k' K) 
divides i'^. Thus there exists a finite extension L oi K oi degree dividing i"^ such that 
A^k' Lisa matrix algebra. Since [L : k'] = [L : K][K : k'] divides i'^{i''-^Y = {r^, 
md{A) divides {ry. D 

Corollary 1.2. (Albert) Let k be a field of characteristic p > 0. Suppose that the 
p-rank of k is n. Then Brpdim{n) < n. 

Proof. Let k' be a finite extension of k and A be a central simple algebra over k' of 
period p. By (1.1), it is enough to show that ind(yl) divides p". By ([A], Chap. VII. 
Theorem 32), A ®fc/ k'^^'^ is a matrix algebra and hence ind(A) divides \k'^^^ : k']. 
Since [fc'^/P : k'] = [k' : k'P] = [k : k^] = p" ([B], A.V.135, Corollary 3), ind(A) divides 
p". D 

Let K be a field of characteristic p > 0. Let Q]. be the module of differentials 
on K. Then the dimension of Q]. as a /t-vector space is equal to the p-rank of k. 
Let Qf. be the second exterior power of Q}.. Let K2{k) be the Milnor /f-group and 
^2(«^) = K2{i^) / pK2{i^) ■ Then there is an injective homomorphism (cf., [CT], 3.0) 

hi : k,{^) ^ Ql 

given by 

, ,, da db 

a 
Suppose K, = Kp{ai, ■ ■ ■ , a„). Then every element in Q^ is a linear combination of 
elements dai A doj. In fact if ai, ■ ■ ■ , a„ is a p-basis of k, then dai A daj, 1 < i < j < n 
is a basis of fi^ over k. 

We now record a few facts about Qf. and k2{n)- 

Lemma 1.3. Let a,b & k* be p-dependent. Then {a,b) = G k2{K,). 

Proof. If a is a p^^ power in n, then da = 0. Suppose a = Yl A^6* for some A, G k. 
Then da = (^ Afife*^i)c/6 and da A db = 0. In particular ^ A f = G fi^. Since 
/tp((a, &)) = ^ A y and h^ is injective, we have (a, 6) = G /i;2(fi:). D 

Lemma 1.4. Suppose that n = KP{ai, ■ ■ -an). Then the natural homomorphism 
k2{K) -> k2{K{.p/a{^ ■ ■ ■ , ^a„_i)) is zero. 

Proof. Let (a, 6) G A;2(k). Let k' = K(^/ai, ■ ■ ■ , ^a„_i). If a is a p*'^ power in k', 
then the image of (a, 6) G /c2('^') is zero. Suppose that a is not a p"^ power in k' . 
Since k'^ = ^^{ai, ■ ■ ■ , a„_i), k = ^'^{an) and hence [k : k!^] < p. Since a ^ k'^, we 
have K = ti'P^a) = K^(ai, ■ ■ ■ , a„_i, a). In particular a and b are p-dependent over k' 
and hence, by (1.3), {a,b) = G k2{i^'). Since every element in /c2(fi:) is a sum of 
elements of the form (a, b), the image of A;2(k) in /c2('^') is zero. D 
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Lemma 1.5. Letai, ■ ■ ■ ,an^n* be p-independent over k, and k' = k,{ ''^/oa, ■ ■ ■ , ^'^^/o^)■ 
Then every element in the kernel of the natural homomorphism Q"^ — )■ Q"^, is of the 
form dai A /i + ■ ■ ■ + dan A /„ for some fi &Vl\. 

Proof. Let B d k* he such that B fl {ai, ■ ■ ■ a„} = and B U {ai, ■ ■ ■ , a„} is a p-basis 
of n. Then B U { '' y^, ■ ■ ■ , ^'"^^o^} is a p-basis of hi' . Let a G f2^ be in the kernel 
of r2^ — )■ Vl\,. Then a = ^ \jdai A ciaj with 1 < z < j < m and a„+i, ■ ■ ■ , Om G -B, 
Aj G K. Since the image of dai A daj in ^2^, is zero for 1 < i < n and the image of a 
in r2^, is zero, the image of X] Kjdai A dcj, n + 1 < i < j < m, in fi^, is zero. Since 
B is p-independent over n' and a„+i, ■ ■ ■ ,am & B, dai A daj, r2 + l<i<j<m 
are hnearly independent over n' and hence Ajj = for n + l<i<j<m. Thus 
a = ^ Xijdai A doj with 1 < « < j < n. D 

Lemma 1.6. Let ai, ■ ■ ■ , a2n G z^* ^e p-independent in k. Let n' he an extension of 
K of degree d and Ai, ■ ■ ■ , A„ G k*. If d < p", then the image of Xidai A da2 + ■ ■ ■ + 
Xnda2n-i A da2n in ^^ is non-zero. 

Proof. Since ^2^ — )■ Qf._^ is injective for any separable extension ki of k, by replacing 
K by the separable closure of k in k', we assume that k' is purely inseparable over 
K. Then k' = k{ ^'V^i, ■ ■ ■ , ''"^VKn) for some fej G k* with {&i, ■ ■ ■ , fom} p-independent 
over K. Since the kernels of the homomorphisms Ql — )■ fi^, and Ql — )■ f2^, „/j- „/5— , 

are equal by (1.5), we assume that k' = k{-0)i, ■ ■ ■ , -^^h^). Since [k' : k] = p"* < p", 
we have m < n — 1. Without loss of generality we assume that m = n — 1. 

Suppose that {ai, ■ ■ • , a2n} is a p-basis of k. Let r be the maximum such that 
{bi,- ■ ■ , bn-i, aj^, ajj ■ ■ ■ , aj^} is p-independent with no two Oj^ in {a2j-i, Ci2j}- By 
reindexing, we assume that {6i, ■ ■ ■ , fen-i, Oi, as, ■ ■ ■ , a2r+i} is p-independent. Then, 
for each i > 2r-\-3, {bi, ■ • • , bn-i, Oi, as, ■ ■ ■ , a2r+i, ai} is p-dependent. Since {ai, ■ ■ ■ , 
a2n} is p-basis of k, there exists 1 <ti <t2 < ■■■ <ig <r + l such that 
{6i, ■ ■ ■ , bn-i, ai, as, ■ ■ ■ , a2r+i, 02*1, ■ ■ ■ , ct2t,} is a p-basis of k. After reshuffling the 
indices, we assume that ti = 1,- ■ ■ ,tq = q and B = {bi,- ■ ■ , bn-i, ai, as, ■ ■ ■ , a2r+i, ^2, 
04, ■ ■ ■ 029, } is a p-basis of k with q < r + 1. Then {^^, ■ ■ ■ , ^6.„_i, ai, as, ■ ■ ■ ,a2r+i, 
0-2, 04, ■ ■ ■ ) 029} is a p-basis of k' 

Since i? is a p-basis of k, every element of ^2^ can be written as a linear combination 
of dx A dy, x,y & B. We now compute the coefficient of dai A da2 in the expansion 
of da2i+i A da2i+2 as a linear combination of dx A dy, x,y E B. Let 1 < z < r. Since 
a2j+i G -B, the coefficient of dai A (ia2 in the expansion of da2i+i A da2i+2 is zero. Let 
i > r. Since a2i+i and a2i+2 are p-dependent over {bi, ■ ■ ■ , 6„_i, ai, as, ■ ■ ■ , a2r+i}, in 
the expansion of da2i+i and da2i+2 there is no da2 term. Hence, there is no dai A <ia2 
term in the expansion of da2i+i A da2i+2- 

Thus, the coefficient of dai A da2 in the expansion of a = Airfai A da2 + ■ ■ ■ -|- 
Xnda2n-i A da2n as a linear combination of dx A rfy with x,?/ G 5 is Ai. Since 
{^^, ■ ■ ■ , ^bn-i, ai, as, ■ ■ ■ , a2r+i, 02, ^45 ■ ■ ■ , 02^} is a p-basis of k', the image of a 
in fi^, is non-zero. 

Let {ai, ■ ■ ■ ,a2n} be any p-independent subset of n. Let B' C k he such that 
B'U{ai, ■ ■ ■ , a2„,} is a p-basis of k and 5'n{ai, ■ ■ ■ , a2„} = 0. Let ^i be the extension 

of K, obtained by adjoining V& for all b G B' and d > 1. Then {ai, ■ ■ ■ , a2n} is a 
p-basis of Ki. Then kik' is an extension of ki of degree < p". Hence the image of 
Xidci A dc2 + ■ ■ ■ + Xndc2n-i A (ic2n iu f2^,^^ is non-zero. In particular, the image of 
Xidci A dc2 + ■ ■ ■ + Xndc2n-i A dc2n in ^k' is non-zero. D 
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2. BRAUER p-DIMENSION OF A COMPLETE DISCRETELY VALUED FIELD 

In the section we give a bound for the Brauer p-dimension of a complete discrete 
valued field of characteristic zero with residue of characteristic p > 0, in terms of the 
p-rank of the residue field. 

Let Rhe a. complete discrete valuation ring with field of fractions K and residue 
field K. Let u be the discrete valuation on K given by R and vr a parameter in R. 
Suppose that char(A') = and ch.ai{K) = p > and that K contains a primitive 
p*'^ root of unity. Fixing a primitive p^^ root of unity ( G K*, for a,b & K*, let 
(a, b) G pBr(A') be the class of the cyclic K-algehia. defined by x^ = a,y^ = b 
and xy = (yx. Let A^ = i'{p)p/{p — 1). Let br(_ft')o = pBii^K). For z > 1, let 
f/j = {n G -R* I n = 1 mod (tt)*} and hi{K)i be the subgroup of pBr(i^) generated 
by cyclic algebras (m, a) with u E Ui and a G K*. Since R is complete, for n > N, 
every element in Un is a p^^ power and br(ii')„ = 0. 

Let Q\ be the module of differentiales on k. For any c G k, let c G -R be a lift of 
c. For i > 1, the maps 

given by x— i— t- (1 + xvr*, j^) and 

«:^br(i^),/br(i^),+i 

given by 2; H- (vr, 1 + ztt^) yield a surjective homomorphism 

Pi:nl®K^ br(A')i/br(K)i+i 

([K], Thm. 2, cf. [CT], 4.3.1). 

Let K2{k) be the Milnor /('-group and /c2('^) = K2{n)/pK2{n). The maps 

fc2(«:)^br(i^)o/br(ir)i 

given by (x, y) h-> (x, y) and 

given by (2;) h-)- (tt, 5) yield an isomorphism 

po : k2{K) © k7k*^ ^ br(K)o/br(ir)i 
([K], Thm.2, cf. [CT], 4.3.1). 

Lemma 2.1. Lei i?, K and n be as above. Suppose that n = n^^ai,--- ,an) 
for some ai, ■ ■ ■ , a„ G k. Let Mi, ■ ■ ■ , m„ G R be lifts of ai,- ■ ■ ,an- Let a G 
pBr(i^). Then, there exists u E R* such that (a — (Tr,^)) ® K{^^/ui, • • ■ , ^Un-i) G 
br(i<'(.p/nr, ■ ■ ■ , ^m„_i))i. 

Proof. Since po is surjective, there exists Xj, y^, a G k* such that Poi^^ixi, yi) — (a)) = 
a G br(K)o/br(if)i. In particular, if u is a lift of a in R, 

PoC^i.Xi, yi)) = a- {n,u) e br(K)o/ br(ir)i. 

i 

Let K' = K[^/ui, ■ ■ ■ , ^M„ — 1). Then K' is also a complete discretely valued field 
with residue field k' = K(^/ai, ■ ■ ■ , ^a.„„i). By the functoriality of the map po, we 
havepo(Zl(^i)l/i)) = a-(vr,M) G br(J('')o/br(ii'')i. By (1.4), the image of Xli(a;i,|/i) 
is zero in k2{n')- Hence a — (vr,M) = PoiJ^i^i^Vi)) = G hT{K')Q/hi{K')i. In 
particular, a — (vr,M) G br(i^')i. D 
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Proposition 2.2. Let R, K , n and ir be as above. Suppose that k, = K^(ai, ■ ■ ■ , a„) 
for some ai, ■ ■ ■ , a„ G k. Let Mi, ■ ■ ■ ,m„, G -R be lifts o/ai, ■ ■ ■ , a„. Let a G br(ii')i. 
Then there exist A, Ai, ■ ■ ■ , A.„ G R* such that 

a = (Ai, Ml) H h (A„, Un) + (vr, A). 

Proof. Let a G br(A')i. First we show, by induction on i, that for each i > 0, there 
exist Xii, ■ ■ ■ , Xjri, Xj G R* such that a — (x^, Wi) — ■ ■ ■ (xm, m„) — (vr, Xj) G br(i^)j+i. 
Since a G br(i^)i, we take xqj = xq = 1, 1 < j < "^i- Suppose that i > I and there 
exist Xji, ■ ■ ■ , Xin, Xi G -R* such that a — (x^, Mi) — ■ ■ ■ (xm, m„) — (vr, Xj) G br(A')j+i. 
Since the homomorphism pj+i : f];^ © k -> br(J'i")j+i/br(i^)j+2 is surjective, there 
exist w & Q}. and a & k, such that 

Pi+i(w,a) = a- (xii,Mi) {xin,Un) - (vr,Xi) G br(ii')i+i/br(ii')i+2- 

Since k = K^(ai, ■ ■ ■ , a„), fi^ is generated by — , 1 < i < n and hence w = J2i h — 
for some hi & k. Thus 

Pi+i(M;, a) = (1 + &ivr^+\ Mi) + ■ ■ ■ (1 + 6„vr^+\ m„) + (vr, 1 + avr'+^). 

In particular, a - (xji, ui) - ■ ■ • - (xi„, u„) - (vr, Xj) - (1 + &ivr*+\ Ui) - • ■ ■ - (1 + 
6„vr*+\M„) - (vr, 1 + avr*+^) G br(A')j+2. Let X(i+i)j = Xij(l + 6jVr*+i) for 1 < j < 
n and Xj+i = Xi(l + avr*"*"^). Since {x,yz) = {x,y) + {x,z) G pBr(Jir), we have 

a - (X(i+i)i, Ml) {X(i+l)n, Un) - (vT, Xj+i) G br(Ji^)i+2- 

Since br(ii")j = for i > A^, we have a = (x(7v_|„i)i,mi) + ■ ■ ■ + (x(Ar+i)„,M„) + 

(vr,XAr+i). D 

Corollary 2.3. Let K and n be as above. Suppose that the p-rank of k is n. Let D 
be a central simple algebra over K of period p. If D represents an element in br(ii')i, 
then ind{D) divides p^^^ . 

Proof. Let a G br(J'i")i be the class of D. By (2.2), there exist A, Ai, ■ ■ ■ , A„ G R* 
such that a = (Ai, ui) + ■ — h (A„, Un) + (vr. A). Hence a (g> K{^/ul, ■ ■ ■ ^/u^, {/n) = 
and the index of D divides p'^'^^. D 

Theorem 2.4. Let K be a complete discretely valued field with residue field n. Let 
R be the valuation ring of K and n & R be a parameter. Suppose that char{K) = 
0, char^hi) = p and the p-rank of n is n. Let ai,--- ,a„ G n be such that n = 
fi:^(ai, ■ ■ ■ , an) and Ui,- ■ ■ ,Un G R be lifts of ai,- ■ ■ ,an. Let D be a central simple 
algebra over K of period p. If n = 0, then D ® i^(^/vr) is a matrix algebra and if 
n > 1, then D ® K{ ^^^/u{^ ■ ■ ■ "^IjUn-u V^? -sT^) is a matrix algebra. 

Proof. Let C be a primitive p^^ root of unity and K' = K{(). Since [K' : K] is 
coprime to p, ind(-D) = ind(-D (g) K'). Since K' is finite extension of a complete 
discretely valued field K, K' is also a complete discrete valued field with residue 
field k' a finite extension of k. In particular, p-rank(K') = p-rank(K). Thus, by 
replacing, K hy K' ., we assume that K contains a primtiive p^^ root of unity. Let 
a G pBr(i^) be the class of D. 

Suppose n = 0. Then k = k^ and A;2(k) = 0. Since po • ^2('^) © k*/k*^ — )■ 
br(i^)o/br(if)i is an isomorphism, pBr(i^) = hT{K)i. Thus, by (2.2), a = (vr,u). 
In particular D ® Kl-^) is a matrix algebra. 

Suppose that n > 1. Since p-rank(fi;) = n, there exist oi, ■ ■ ■ ,a„ G k* such that 
K = K^(ai, ■ ■ ■ , a„). Let ui, ■ ■ ■ , u„ G i? be lifts of ai, ■ ■ ■ , a^ and vr G i? a parameter. 
Let Ki = K{^/ul, ■ ■ ■ , ^Un-i). Then Ki is also a complete discrete valued field with 
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residue field ki = ^(^/ai, ■ ■ ■ , ^a„_i). Let Ri be the valuation ring of Ki. Then vr 
is a parameter in Ri. By (2.1), there exists u E R* such that (a — (7r,n)) CS -R'l G 
br(Ki)i. Since n\ = K^{ai, ■ ■ ■ , a„_i), we have ki = K^(^/ai, ■ ■ ■ , ^a„_i, a.„). Since 
a — (vr, m) e br(_R'i)i, by (2.2), there exist Ai, ■ ■ ■ , A„, X E Ri such that 

a - (tt, m) = (Ai, ^uT) H h (A„_i, ^u„_i) + (A„, u„) + (vr. A). 

Hence 

a = (Ai, ^/u^) H h (A„_i, ^n„_i) + (A„, u„) + (vr, uA). 

In particular D (g) if ( Ji^/tii, ■ ■ ■ ''^Un-i, -^/u^, ^^) is a matrix algebra. D 

Corollary 2.5. Lei if, k, and n he as in (2.4)- Then Brpdim{K) is 1 if n = and 
Brpdim{K) <2nifn>l. 

Proof. Let K' be a finite extension of K. Let D he a. central simple algebra over K' 
of period p. Since K' is also a complete discretely valued field with the p-rank of the 
residue field equal to n, corollary follows by (2.4) and (1.6). D 

Lemma 2.6. Let K be a complete discretely valued field with residue field k. Suppose 
that char{K) = 0, char{K) = p > and [n : k^] > 2n. Then Brpdim{K) > n. 

Proof. Let ai, ■ ■ ■ , a-^n G k* be p-independent. Let Mi, ■ ■ ■ , U2n G K* be the lifts of 
fli, ■ ■ ■ 5 0'2n- Let D = (ui, U2) + ■ ■ ■ + {u2n-i, u^n) ■ We claim that ind(L') = p". This 
would show that Brpdim(if ) > n. 

Let Ki be an extension of K of degree at most p""^. Since if is a complete 
discretely valued field, ifi is also a complete discretely valued field with residue 
field Ki and [ki : h] < [L : K] < p"^^. Then, by ( 1.6), the image of dai A 

da2 -\ h da2n-i A da2n in ^l-^ is non-zero. Since /ip((ai, 02) H h (a2n-i, a2n)) = 

dai A (ia2 + ■ ■ ■ + da2n-i A (ia2„ is nonzero in f2^^, (ai, 02) + ■ ■ ■ + (a2n-i, C!.2n) is 
non-zero in A;2('«i)- Since PQ{{ai,a2) + ■ ■ ■ + (a2n-i,a2n)) is the class of D ®k Ki 
in br(ifi)o/br(if)i and po is injective, D ®k Ki is non-trivial in pBr(ifi). Hence 
ind(L') > p". Since D is a product of n cyclic algebras, ind(D) = p'^. D 

Combining (2.4) and (2.6), we have the following 

Theorem 2.7. Let K he a complete discretely valued field with residue field n. Sup- 
pose that char{K) = 0, char{K) = p > and the p-rank of k is n. If n = 0, then 
Brpdim{K) < 1 and if n> 1, then ^ < Brpdim{K) < 2n. 

Example 2.8. Let k he a. purely transcendental extension of the finite field Fp of 
transcendence degree 2n and k, the separable closure of k. Let if be a complete 
discretely valued field of characteristic with residue field k. Then the Brauer p- 
dimension of /t is ([A], Ch.lV, §7, Theorem 18) and Brpdim(if) > n (2.6). Note 
that the p-rank of n is 2n. Thus in the mixed characteristic case, the bound on 
the Brauer dimension of the residue field should be replaced by the bound on the 
p-rank of the residue field in order to get a good bound on the Brauer dimension of 
a complete discretely valued field. 

3. The main theorem 

Let R he an integral domain and if its field of fractions. Let A be a central simple 
algebra over if. We say that A is unramified on R if there exists an Azumaya algebra 
=2/ over R such that ^ ®_r if is Brauer equivalent to A. If P is a prime ideal of R 
and A is unramified on Rp, then we say that A is unramified at P. If i/ is a discrete 
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valuation of K with R as the valuation ring at u and A is unramified on i?, then we 
also say that A is unramified at v. 

Let ,^ be a regular integral scheme with function field K and A a central simple 
algebra over K. Let x G ,^ be a point. If A is unramified on the local ring &x^x 
at a;, then we say that A is unramified at x. If A is not unramified at x, then we 
say that A is ramified at x. The ramification divisor oi A on ^ is the divisor ^ x, 
where sum is taken over the codimension one points x of ,^ with A ramified at x. 
The support of the ramification divisor of A is simply the union of codimension one 
points of I^ where A is ramified. 

Let T be a complete discrete valuation ring with field of fractions K and t eT a. 
parameter. Let ^ be an excellent regular, integral, proper scheme over Spec(T) of 
dimension 2 with function field F and reduced special fibre Y . For a closed point P 
of ^ , let 0',%-^p denote the local ring at P, ^^,p the completion of the regular local 
ring ^^"jc.p at its maximal ideal and Fp the field of fractions of G.%\p- For an open 
subset [/ of an irreducible component of F , let Ru be the ring consisting of elements 
in F which are regular on IJ . Then T C Rjj. Let Ru be the (t)-adic completion of 
Rxj and Fu the field of fractions of Ru (cf. [HHKl]). In this section we give a bound 
for the Brauer p-dimension of F in terms of the p-rank of the residue field of T. 

We begin with the following results (3.1, 3.2, 3.3 and 3.4) which are well-known 
and we include them for the sake of completeness. 

Lemma 3.1. Let B he a regular local ring with field of fractions K, residue field 
K, and maximal ideal m. Let n be a natural number and u E B a unit such that 
[K(\fE) : k] = n. Then B[y/u\ is a regular local ring with residue field K,(\fE). 

Proof. Since [k{\/^) : k] = n, B[y/u\/mB[^/u\ ^ k{\/^) is a field. Thus m generates 
the maximal ideal oi B[y/u\. Since the dimension of i?[-y/n] is equal to the dimension 
of B, i?[-y/u] is a regular local ring. D 

Lemma 3.2. Let B be a regular local ring with field of fractions K , residue field k 
and maximal ideal m. Let ir E m be a regular prime and n a natural number. Then 
B[\/ti\ is a regular local ring with residue field k. 

Proof. Since i? is a regular and vr G m is a regular prime, there exist 7r2, • • • ,7rd & m 
such that m = {71,712,- ■ ■ , T^d), where d is the dimension of B. Let m = ( y^, vr2, ■ ■ ■ , vr^) 
C B[y^]. Then rh is the maximal ideal of i?[-v/7F| and B[y/7r\/m ^ k. Since the 
dimension of SfA/vr] is n, i?[Y^] is a regular local ring. D 

Corollary 3.3. Let B be a regular local ring with field of fractions K , residue 
field K and maximal ideal m. Let rii, ■ ■ ■ ,77,^ be natural numbers and Ui, ■ ■ ■ ,Ur E 
B units such that [k,{ "-^/Wi, ■ ■ ■ , "X/^) : n] = Ui- ■ -Ur. Let vti , ■ ■ ■ , vTs G m be 
a system of regular parameters in B and di,--- ,ds be natural numbers. Then 
B[ "ywi, ■ ■ ■ , "^M^, 'V^' ■ ■ ■ ' V^] ^'^ '^ regular local ring with residue field 

Proof. Proof follows by induction using (3.1) and (3.2). D 

Lemma 3.4. (cf. [LPS], 2.4) Let R be a discrete valuation ring with field of fractions 
K . Let R be the completion of R at the discrete valuation and K the field of fractions 
of R. Then a central simple algebra D over K is unramified at R if and only if 
D ®K K is unramified at R. 
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Proposition 3.5. Let A be a complete regular local ring of dimension 2 with field of 
fractions F , residue field n and maximal ideal m = (vr, 6). Suppose that char{F) = 
and char{n) = p > with p-rank^n) = n. Let ai,- ■ ■ ,an & k be a p-basis of k and 
Ml, ■ ■ ■ ,Un G A be lifts of ai,- ■ ■ ,an- Suppose that F contains a primitive p^^ root 
of unity. Let D be a central simple algebra over F of period p. Suppose that D is 
ramified on A at most at (vr) and (5). Then D ®ir F{ ^^/ui, ■ ■ • , ^^/u^, -^^, v^) is a 
matrix algebra. In particular, index{D) divides p^"''^'^ . 

Proof. Let 

E = F( -^, ■ ■ ■ , ^^, ^, ^) 
and 

By (3.3), i? is a complete regular local ring of dimension 2 with field of fractions E 
and residue field k{ p^/oi, ■ ■ ■ ^^/a^). 

We first show that D ^p E is unramified on B. Since i? is a regular local ring of 
dimension 2, it is enough to show that D®pE is unramified at every height one prime 
ideal of B ([AG], 7.4). Let Q be a height one prime ideal of B and P = Qr\A. Since 
B is integral over A, the height of P is L If P 7^ (vr) or (5), then D is unramified at 
P and hence D ®p E is unramified at Q. Suppose that P = (tt). Then Q = (-^tF). 

Suppose that char(A/P) 7^ p. Since E/F is ramified at P and char(K(P)) 7^ p, 
D®pE is unramified at Q. Suppose that char(y4/P) = p. Since A is complete regular 
local ring with maximal ideal m = (vr, 6), A/{7r) is a complete discrete valuation ring 
with residue field k and char(y4/P) = char(K) = p. In particular, A/{7r) ~ '^[[^]]; 
where S is the image of 6 in A/{7t). Let k{P) be the field of fractions of A/ P. 
Then k(P) ~ i^ii^))- Since ai, ■ ■ ■ ,a„ is a p-basis of k and Ui,- ■ ■ ,Un G A are 
lifts of Oi, ■ ■ ■ ,a„, the images of Ui, ■ ■ ■ ,Un,S in k(P) is a p-basis of k(P). Let 
Fp be the completion of P at P and Eq the completion of E at Q. Since Eq ^ 
Fp{ ^l/ui, ■■■ , p^/ti^, \/S, aJ/vt) and the residue field of Fp is k{P), by (2.4), D iS)p Eq 
is split and hence unramified. Thus, by (3.4), D ®f E is unramified at Q. 

By ([AG], 7.4), there exists an Azumaya P-algebra ^ such that ^®bE c:^ D^pE. 
Since D ® Eq is split and Bq is a discrete valuation ring, ^ ®b Bq is zero in the 
Br(PQ) ([AG], 7.2). In particular the image ^ 0b k{Q) of ^ 0b Bq in Br(fi:(Q)) 
is zero. Since k{Q) is the field of fractions of regular local ring B/Q, by ([AG], 
7.2), ^ 0)B B/Q is zero in Br(P/(5). Hence Si ®b B/rh is zero in Br(P/m), where 
m is the maximal ideal of B. Since P is a complete regular local ring, ^ = G 
Br(P) ([C], [KOS]). In particular S 0b E c::^ D 0p E is zero and index(P) divides 
[E:F]= p2«+2. n 

Theorem 3.6. Let K be a complete discretely valued field with residue field n. Sup- 
pose that char{K) = 0, char{n) = p > and p-rank{n) = n. Let F be a finitely 
generated field extension of K of transcendence degree 1 and D a central simple 
algebra over F of period p. Then ind{D) divides p^"'^'^ . 

Proof. As in the proof of (2.4), we assume without loss of generality that F contains 
a primitive p*^ root of unity. Let K' be a finite extension of K. Then K' is also 
a complete discretely valued field with the p-rank of the residue field is n. Thus, 
replacing ii' by a finite extension of K., we assume that F is the function field of a 
geometrically integral smooth projective curve X over K. 
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We choose a proper regular model J^ oi F over T such that the support of the 
ramification divisor of D and the components of the reduced special fibre are a union 
of regular curves with normal crossings on ,^. Let Y be the special fibre of J^ . 

Let ?7 be a generic point of an irreducible component of Y and F^ the completion 
of F at the discrete valuation given by 77. Then the residue field K,{r]) of F^ is 
function field of transcendence degree one over k. Since [k : k^] = p", we have 
[K(r/) : K{r])P] = p"+^ By (2.4), ind(L' ^p F^) divides p2«+2. By ([HHK2], 5.8 and 
[KMRT], 1.17), there exists an irreducible open set t/^ of Y containing r] such that 
ind(D ®F FuJ = md{D ^p F^). In particular ind(D ®f Fu^) divides p2n+2_ 

Let 5*0 be a finite set of closed points of ^ containing all the points of intersection 
of the components of Y and the support of the ramification divisor of D. Let S be 
a finite set of closed points of ^ containing 5*0 and F \ (U f/^), where rj varies over 
generic points of Y . Then, by ([HHKl], 5.1), 

ind(D) = l.c.m{uid{D ® F^}, 

where C, running over S and irreducible components oiY \S. 

Suppose C = U for some irreducible component U oi Y \ S. Let rj be the generic 
point of U. Then U C Ur, and Ru^ C Ru- Since Fu^ C Fu, ind{D ®ir Fu) divides 

Suppose ( = P E S. Let Ap be the regular local ring at P. Then, by the 
choice of ^, the maximal ideal mp of Ap is generated by tt and 6 such that A is 
ramified on Ap at most possibly at (tt) and (6). Since the residue field k(-P) at P 
is a finite extension of k, we have p-ia.nk{n{P)) = p-Ta.nk{K) = p^. Thus, by (3.5), 
ind(-D ®p Fp) divides p2n+2_ Hg^gg ind(D) divides p2n+2_ q 

Corollary 3.7. Let F and n he as in (3.6). Then Brpdim{F) < 2n + 2. 

Proof. Let F' be a finite extension of F and D a central simple algebra of period 
p. Since the transcendence degree of F' over K is 1, by (3.6), md{D) divides p2n+2_ 
Corollary follows from (1.6). D 

Corollary 3.8. Let K be a complete discretely valued field with residue field k. 
Suppose that n is finitely generated field of transcendence degree n over a perfect 
field of characteristic p > 0. If F is a function field of a curve over K , then the 
Brauer p- dimension of F is at most 2n + 2. 

Proof. Since k is a finitely generated field of transcendence degree d over a perfect 
field, we have [k : n'^] = p" ([B], A.V.135, Corollary 3). Hence the result follows from 
(3.6). D 

Let K he a. p-adic field and F the function field of curve over K. Let A be a 
central simple algebra over F . If the period of A is coprime to p, then a theorem of 
Saltman ([SI]) asserts that ind(74) divides per(A)^. If the period of A is a power oi p, 
then it is proved in ([LPS]) that the ind(74) divides per(y4)^. We have the following 

Corollary 3.9. Let F be the function field of a curve over a p-adic field K . Then 
for every central simple algebra over F, the index divides the square of the period. 

Proof. Let A be a central simple algebra over F of period a power of p. Since the 
residue field k of K is a finite field, [k : k^] = 1. Thus, by (3.6), ind(/l) divides 
per(A)2. D 



PERIOD-INDEX AND ^-INVARIANT QUESTIONS FOR FUNCTION FIELDS OF CURVES 11 

4. M-INVARIANT 

Let K he a complete discretely valued field with residue field k and F the function 
field of a curve over K. In this section we compute the u-invariant of F when k is a 
perfect field of characteristic 2 and char(i^) = 0. 

For any field L of characteristic not equal to 2, let W{L) be the Witt ring of 
quadratic forms over L and I"'{L) be the v}^ power of the fundamental ideal I{L) of 
W{L). 

Let R be an integral domain with field of fractions F. A quadratic form q over R 
is non-singular if the associated quadric is smooth over R. We say that a quadratic 
form q over F is defined over R if there exists a non-singular quadratic form q' over 
R such that q' ®i? F c^ q. 

In the rest of this section, until (4.7), A denotes a complete regular local ring of 
dimension two with field of fractions F and residue field k. Suppose that char(F) = 0, 
char(fi;) = 2 and k is a perfect field. Suppose that the maximal ideal m = (vr, 6) and 
2 = uq-h^S^ for some uq G A* and i,j > 0. 

Lemma 4.1. Let A, F, n, m = (tt, 5) as above. Let a G H'^{F,fi2)- If a is 
unramified on A except possibly at (vr) and [5). Then a = {uc,n) + {vcn'^,6) for 
some units u,v ^ A, c ^ A not divisible by n, 6 and e = or 1. 

Proof. Since a is unramified except at (tt) and (6) and k is perfect, by (3.5), a ® 
-F(y^, v^) is zero. In particular, by a theorem of Albert, a = (a, vr) + {b, S) for some 
a,b ^ F*. Without loss of generality we assume that a,b E A and square free. Since 
{—d,d) = for any d E F*, we assume that n does not divide a and S does not 
divide b. Since A is a regular local ring, it is a unique factorisation domain ([AB]). 
We write a = caid"^^ and b = cfoiTr^^ with c,ai,bi G A square free, ai and bi are 
coprime, vr and 6 do not divide caibi and < ei, 62 < 1. 

Let ^ be a prime in A which divides Oi. Write ai = 6a2- Then 9 does not divide 
cbinS. In particular, the characteristic of the residue field k{9) at 9 is not equal 
to 2 and a is unramified at 9. Since the residue of a at ^ is the image vf of vr in 
k{9) / k{9)*'^ , vf is a square in k{9). Let L = F[y/7r] and B = A[y/7i]. Then _B is a 
regular local ring of dimension 2 (cf. (3.2)) and hence a unique factorisation domain 
([AB]). Since vf is a square in k{9) and char(K(6')) 7^ 2, we have 9B = Q1Q2 with Qi 
and Q2 two distinct prime ideals of B. In particular Nl/f{Qi) = 9 A. Since i? is a 
unique factorisation domain, Qi = (77) for some rj E B and hence there exists a unit 
u E A such that NLipirf) = u9. We have 

(a, vr) = {au9, vr) 

= {cai5''^u9,Ti) 

= lc9a2S''u9, vr) 

= (ca2(5''^M, vr). 

Thus by induction on the number of primes dividing ai, we conclude that (a, vr) = 
{ucS'^^,7r) for some unit u E A. Similarly {b,6) = {vc7t'^^,6) for some unit v E A. 
Thus we have a = {uc6'^^, vr) + (wcvr^^, 6). Suppose that ei = 1. Then 

a = {uc6,7i) + {vc7i''^,6) 

= {uc, vr) + ((5, vr) + {vcn"^, 6) 

= {uc, vr) + (wcvr^2+-^, S) 

= {uc, vr) + {vcn", 6), 

where e = €2 + 1 (mod 2). D 
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For any field K and i > 1, let H^iF) be the Kato cohomology groups ([K2], §0). If 
ckax{K) ^ 2, we have Hi{F) = H\F,^i2)- If char(J'S:) = 2, we have Hl{K) = 2Bt{K) 
and H^{K) = H\K, Z/2Z). For a e K*, let [a] e H^{K) be the element defined 
by K[X]/{X'^ + X + a). Note that [a) is K x K or a. separable extension of K of 
degree 2. Let b G K. Let [a) ■ (b) be the quaternion algebra over K generated by i 
and j with i'^ + i + a = 0,j'^ = b and ji = — (1 + i)j. 

Let A, F, K be as above. Let 6* G A be a prime. Suppose 9 does not divide 
2 = uqti'^5K Then the characteristic of the residue field n{9) at 9 is 0. Suppose ^ 
divides 2. Then (^) = (vr) or [9) = (6) and A/{9) is a complete discrete valuation 
ring. Since the residue field k of A is a perfect field, we have [k,{9) : k(^)^] = 2. By 
([K2], §1), we have residue homomorphisms dg : H^{F,fi2) — ?■ HI{k{9)) ~ 2Br(K(^)) 
and a : HI{k{9)) -^ HI{k). 

Lemma 4.2. (^c/. [Su], 1.1) Let A, F, n, m = {it, 6) be as above. Then, for any 
unit u E A* , 9^([n) ■ (6) ■ (tt)) = \u) ■ (5) and d{\u) ■ (5)) = \u), where for any a E A, 
a denotes the image modulo tt and a denotes the image modulo m. 

Proof. Suppose that p) is trivial in H\{k). Since m is a unit in A and A is complete, 
[u) is trivial in H^{F,fi2)- In particular [u) ■ (tt) ■ (6) and \u) ■ (6) are trivial. 

Suppose that p) is non-trivial. Let k' = k,[X]/{X^ + x + u). Then k' is a separable 
quadratic extension of n and p) is the only non-trivial element of the kernel of the 
restriction homomorphism from H\{k) to HI{k'). 

Let fi;(7r)' = h{ti)[X] / [X"^ + X + u). Then ^(vr)' is a complete discretely valued 
field with residue field n' and 5 as a parameter. Thus /t(7r)'/fi:(7r) is unramified and 
5 G K(7r) is not a norm from k{'k)' and hence [m) ■ (5) is non-trivial. Since 9 is 
an isomorphism ([K2], Lemma L4(3)), i9([m) ■ {5)) is non-trivial in HI{k). Since 
[n) ■ ((5) is trivial over K(7r)', by the functoriality of 9, the image of (9([n) ■ [5]) in 
H\{k') is trivial. Since the only non-trivial element of the kernel of the restriction 
homomorphism from H\{k) to HI{k') is [^), 9([m) ■ (5)) = p). 

Let Fjr be the completion of F at vr. Since u and 5 are units at tt, [m) ■ (5) is 
a quaternion algebra defined over A(^). If tt is a reduced norm from [u) ■ {5) over 
-Fjr, [u) ■ (5) is a split algebra over K(7r), contradicting the non-triviality of [n) ■ (5) 
in if|(fi:(7r)). Hence vr is not a reduced norm form of the quaternion algebra {[u) ■ 
{8))®fF^ and [u)-{5)-{tt) is non-trivial in //^(^^^ ^2). Let L = F[X]/{X^ + X + u). 
Let B be the integral closure of A in L. Then S is a complete regular local ring 
with maximal ideal (tt, 6) and residue field k'. Since the image of [u) ■ (6) ■ (vr) in 
H^{L,fi2) is zero, by the functoriality of the residue homomorphisms, the image of 
d{dn{[u) ■ (6) ■ (tt))) in HI{k!) is zero. Since [u) ■ {5) ■ (vr) is non-trivial in if^(F^,/X2) 
and Ot, : iJ'^(F^,yU2) — )■ HI{k{ti)) and d : HI{k{ti)) — )■ HI{k) are isomorphisms ( 
[K2], Lemma L4(3)), 9((97r([^) • (^) ■ (tt)) is non-trivial and hence equal to [^). Since 
d{\u) ■ {5) = \u) and d is an isomorphism, we have (9,r([^) ■ (<5) ■ (tt)) = [u) ■ (5). D 

The following is a result of Kato ([K2], 1.7) 
Proposition 4.3. Let A, F and n be as above. Then 

H'{F,f,2) ®4^ ©,eSpcc(A)(^)i^l(«^(7)) ^-t^ HliK) 
is a complex. 
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We define H^^{F/A, (12) to be the kernel of residue liomomorpliisni 

Proposition 4.4. Let A, F and k he as above. Then Hi^j.{F/A, 112) = 0. 

Proof. Since cd2(F) < 3 ([GO]), I\F) = ([AEJ], Cor.2. p.653) and 63 : I^{F) -^ 
H'\F,^i2) is an isomorpliism ([AEJ], Tlim. 2. p.653). Let C e Hl^{F / A, ^12) ■ 
Suppose tliat C 7^ 0. Let q be an anisotropic quadratic form over F such that 
q G I^{F) and 63 (g) = C- Let ^ G A be a prime and Fq be the completion of F 
at 9. Since A/{d) is a complete local ring of dimension one with residue field per- 
fect of characteristic 2, HI{k{6)) = ([GO]). Suppose that cha.T{n{9)) 7^ 2. Since 
H^{K{e),^i2) = Hl{K{e)) = 0,dg: H%Fg,^2) "^ Hl^K^O)) is an isomorphism. Sup- 
pose that char(fi;(6')) = 2. Since the 2-rank of n{9) is 1, by ([K2], Lemma 1.4(3)), 
d : H^{Fq,^2) -^ HI{k,{6)) is an isomorphism. Since C, G H^^{F/A, fi2), the image of 
( in H^{F0,fi2) is zero. In particular, q is hyperbolic over Fq. Thus q comes from a 
non-singular quadratic form over the localisation A(^0) of A at the prime ideal {6) (cf. 
[O], Thm,8). Since A is a two dimensional regular ring, there exists a non-singular 
quadratic forn q' over A such that q' ®aF c::^q ([GTS], Gor.2.5, cf. [APS], 4.2 ). 

Since q G I^{F) and q is anisotropic, the rank of q, and hence the rank of q', is at 
least 8. Since k is a perfect field, q' <S)a f^ is isotropic ([MMW], Gorollary 1). Since 
A is a complete regular local ring and q' is a non-singular quadratic form over A 
with q' ®A K' is isotropic, q' is isotropic ([Gr], Theorem 18.5.17). Thus q is isotropic, 
leading to a contradiction. D 

Lemma 4.5. Let A, F, k, and m = (vr, 6) be as be above. Let ( G H'^{F, ^2)- Suppose 
that ( is ramified at most along (vr) and (6) . Then ( = [u) ■ (vr) ■ (6) for some unit u 

in A. 

Proof Let a = d^{C) G HI{k{-k)) and /3 = ds{C) e HI{k{6)). Then, by (4.3), 
d{a) = d{/3) G H^{k). Let a G k* be such that [a) = d{a) = d{(5) G HI{k). Let 
u G A* be a lift of a. Since d{a) = [a) = d{[u) ■ {§)) (cf. 4.2) and d is an isomorphism, 
we have a = [u) ■ (6). and /3 = [u) ■ (vf). Let C' = [u) ■ (it) ■ (6) G H^{F, /ia). Then C' is 
unramified on A except at vr and 6. By (4.2), 9^(C') = t^7r(C) and ds{C') = ds{(). Since 
( is unramified on A except at vr and 6, ( — (' E iJ^,,(F, /la). Since H^.^{F, ^12) = 
by (4.4), we have ( = (' = [u) ■ (vr) ■ (5). D 

Proposition 4.6. Lei A, F, k and m = (vr, 5) be as above. Let q =< ai, ■ ■ ■ , ag > 
be a quadratic form over F of rank 9 with only prime factors of aia2 ■ ■ ■ ag are at 
most 71 and 6. Then q is isotropic. 

Proof. Let c{q) G H^{F, ^2) be the Glifford invariant of q. Since the prime factors of 
aia2 ■ ■ ■ tig are at most vr and 5, c{q) is unramified on A except possibly at (vr) and 
((5). By (4.1), we have c(g) = (uc, vr) + (fcvr^,5) for some units M,f G A, c G A not 
divisible by vr and 5, and e = or 1. Let gi =< l,uc7r,—7r,—ucS,uvii''6 >. Since 
—ucqi is a rank five subform of the Albert form associated to c(g) = (mc, vr) + (f cvr'', S), 
c(gi) = c(g) (cf. [L], p. 118). Since q is isotropic if and only if Ag is isotropic for any 
A G F*, by scaling g we assue that d{q) = d{qi). We note that we only need to scale 
by A G A with prime factors at most vr and 6. Hence, after scaling, we still have 
g =< ai, ■ ■ ■ , ag > with only prime factors of OiOa ■ ■ ■ ag at most vr and 6. Since the 
dimension of g is odd, we have c(Ag) = c(g). Thus, after scaling, we have c(g) = c(gi) 
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and d{q) = d{qi). Since the rank of g ± —qi is 14, it follows that q — qi E I^{F) 
([M]). 

Let ( = e^i^q — gi) G H^{F,fj,2)- Let 9 G A he a prime. Suppose that 9 does not 
divide ttS. Then cha.T{K{9)) is 0. Hence we have the second residue homomorphism 
(9^2 : W{F) -^ W{k{9)) with dl{P{F)) C P{k{9)). Since g =< ai, ■ ■ ■ , og > with 
aia2 ■ ■ -ctg having only vr and 5 as possible prime factors and 9 does not divide ttS, 
^eiq) = 0. Since gi =< 1, ucn, — vr, — mc5, uvk''5 >, the rank of dj{qi) is at most two. 
Since dg{q — gi) G P{k{9)) and is of rank at most 2, 9g(g — gi) = 0. In particular 
g — gi is unramified at 9 and hence C = e3(g — gi) is unramified at 9. Thus, by (4.5), 
we have C, = [w) ■ (tt) ■ {6) for some unit w ^ A. Since [w) ■ {w') is unramified on A for 
any unit w' G A, we have [w) ■ {w') = 0. In particular, we have ( = [w) ■ (vr) ■ {w'6) 
for any unit w' in A. 

Suppose that e = 0. Since uv is a unit, we have ( = [w) ■ (vr) ■ (—uvn^S). Suppose 
that e = 1. Since ( = [w) ■ (vr) ■ {—uv6) and (tt) • (— vr) = 1, we have ( = [w) ■ (vr) • 
{—uim6). Thus in either case, we have ( = e^{q — gi) = [w) • (tt) • {—uim'^d). 

Since char(F) = 0, we have [w) = {w') for some unit w' G A. Let g2 =< 1, —w' >< 
I, -IT >< l,uvTr^6 >G P{F). Then e3(-g2) = e3(g2) = {w') ■ (it) ■ {-uvir'S) = 
[w) ■ (tt) ■ {-uvtt'S) = e^iq-qi). Since i/^(F,/i2) = ([AEJ], Cor.2. p.653), we have 
/^(-F, /i2) = and 63 is an isomorphism ([AEJ], Thm. 2. p.653). Hence 



In particular. 



g — gi = — < 1, —w' >< 1, — TT >< 1, uvTi^S > . 



q = gi— < 1, —w' >< 1, —n >< 1, uvn'^S > . 



Since < l,—iT,uim''6 > is a subform of both gi and < 1,—w' >< 1, — vr >< 
l,uv7i''S >, the anisotropic rank of gi— < 1,—w' >< 1, — tt >< l,uv7i''6 > is at 
most 7. Since the rank of g is 9, g is isotropic. D 

Theorem 4.7. Let K be a complete discretely valued field with residue field n and 
F a function field of a curve over K . If char{K) = and n is a perfect field of 
characteristic 2, then u{F) < 8. 

Proof. Let g =< ai, ■ ■ ■ , Og > be a quadratic form over F rank 9. Let ^ be a 
regular proper scheme over the valuation ring of K with function field F and the 
support of the principle divisor (2ai ■ ■ ■ ag) on <^ is a union of regular curves with 
normal crossings. Let Ci, ■ ■ ■ , C,. be the irreducible components of the special fibre 
of ^ and let i/i,--- ,1/,. be the corresponding discrete valuations on F. Let F^^ 
be the completion F at z/j and the residue field k(i/j). Then char(/T;(z/j)) = 2 and 
2-rank(K(i/i)) = 1. Hence, by ([MMW], CoroUar 1), u{K{vi)) < 4 and by ([Sp]), 
u[Fy.) < 8. In particular g is isotropic over F^.. By ([HHK2], 5.8), there exists an 
affine open subset Ui of Cj such that f/j does not intersect Cj for j j^ i and g is 
isotropic over Fjy.. 

Let ,^ be a finite set of closed points of ^ containing all those points which are 
not in Ui for any i. Let P & J^. Then Ap is a complete two dimensional local ring 
with residue field perfect of characteristic 2. By the choice of ^ and (4.6), g is 
isotropic over Fp. By ([HHKl], 4.2), g is isotropic over F and u{F) < 8. D 

Corollary 4.8. ([Le]) Let K he a 2-adic field and F the function field of a curve 
over K . Then u{K) = 8. 
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[A 

[AEJ 

[ABGV 

[APS 
[AB 

[ag; 

[b; 

[c; 

[ct; 

[GTS 
[GO 

[GS 

[Gr 

[HHKl 

[HHK2 

[HHK3 

[HE 

[Kl 

[K2; 

[KMRT 

[MMW; 
[M 
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